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Dynamic Modeling of Hybrid Rocket Combustion

M. Arif Karabeyoglu* and D. Altman’
Stanford University, Stanford, California 94305

The combustion dynamics in hybrid rockets is studied to provide a basic input into transient motor processes.
The model treats the time-dependent heat flow into the ablating fuel surface. A variable surface temperature is
considered with an effective activation energy to describe the surface-temperature variation during the transient.
Two time scales are observed for throttling: a short lag near the surface related to the activation energy, and the
larger well-known thermal lag as a result of conductivity. The model is also applied to an oscillating surface heat-
flux input. We observed an amplification of the regression-rate oscillations for low frequencies. Although this effect
is not the cause of instability, it can aggravate existing oscillations at these low frequencies. We next formulated a
quasisteady combustion model, which is then coupled with the thermal lag system with boundary-layer delays that
account for the adjustment of the boundary layer to the changes in the freestream conditions and blowing from
the surface. A linearized treatment of this coupled system evidences some low-frequency instabilities. The scaling
of the oscillation frequencies and the erratic character of the experimentally observed instabilities are successfully

explained.

Nomenclature

= pre-exponential coefficient

= port and nozzle throat areas

= aerodynamic and thermochemical blowing

parameters

specific heat of fuel

= skin-friction coefficient and Stanton number

boundary-layerdelay time coefficient

= measured and calculated characteristic velocities

= port diameter

= activation energy

= energy parameters, see the Appendix

= oxidizer and total mass fluxes

= total and latent heats of gasification

= Laplace transform of oxidizer mass flux

= blowing parameter exponent

= length of the fuel port

= mass flux exponent

= chamber pressure

= convective and total wall heat fluxes

o = specific gas constant

R = dimensional and nondimensional regression rate

= Laplace transform variable

= axial and normal velocities

= port and motor volumes

= coordinate in the solid fuel

= coordinate normal to the surface and axial
distance along the port

= thermal diffusivity of fuel

= thermal conductivity of fuel

= viscosity

f = density of fuel

o, oy = gas phase response coefficients

W1, Ul = boundary-layerresponse time and thermal lag

time
o, = angular frequency and frequency
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Subscripts

b = flame value

e = freestream value

f = fuel

0 = oxidizer

ref = reference quantities

s = surface

1 = first perturbation variable
Superscripts

qs = quasisteady

— = nondimensional variable

Introduction

N the scaling of hybrid motors to larger sizes, two problem areas

that have been identified are 1) motor instability (particularly
nonacoustic low-frequency modes) and 2) delayed transients in ig-
nition, throttling,and shutdown. We believe thatan understandingof
the transient phenomenain the motor is essential to explain the low-
frequency pressure oscillations observed in practice. Although the
theory for steady-state burning rate has been established for some
time,' 3 the literature treating transient regression rate in hybrids
is deficient. This is particularly true in treating the overall motor
transient behavior.

For a full description of motor transients, one has to consider
response times resulting from 1) feed system dynamics, 2) vapor-
ization of the liquid oxidizer, 3) diffusion processesin the boundary
layer, 4) combustion mechanisms in the flame zone, 5) chamber
gasdynamics, and 6) thermal profile changes in the solid grain. The
order of magnitude estimates of the time scales of some of those
processes are discussed in Ref. 4. Our approachis to isolate each of
the transient phenomena considered in the previous paragraph and
to develop physical/chemical models for those isolated phenomena.
In this paper we have limited our investigationsto the thermal lags
in the solid and to the hybrid boundary-layercombustion dynamics,
i.e., the delay between mass flux and heat transfer to the wall. These
isolated models for the thermal lags and combustion dynamics will
later be coupled to obtain the overall transientresponse of the hybrid
combustion.

Thermal Lags in the Solid

The regression rate of the hybrid fuel grain cannot respond to
the changes in the surface heat flux instantaneously because of the
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finite thermal conductivity of the solid fuel. This phenomenon was
investigated approximately by Marxman et al.,> and more recently
by the authors.® In this paper we further study the throttling event to
understand the effect of the activation energy and the throttling rate
on the response of the thermal lag system. The thermal lag treatment
will theninclude the response of the regressionrate to a sinusoidally
varying wall heat flux. The thermal lag model is shownin Fig. 1, and
the mathematical formulation and various solution techniques are
presented in Ref. 5. However, for the sake of completeness, some
important aspects of the theory are summarized in the Appendix.
With use of the techniques presented in Ref. 5, several new simu-
lations of the throttlingevent are performed to investigate the impact
of activation energy and throttling rate. The response of the regres-
sion rate for various activation energies to a sudden increase in the
surface heat flux for a hydroxyl terminated polybutadiene (HTPB)
systemis shownin Fig. 2. Itcanbe seen that the activationenergy has
a significant impact. The common feature is the initial overshooting
of regression rate and the relaxation back to the target equilibrium
state. However, at high activation energies, E,, the regression rate
overshootingis more pronouncedand it reaches its maximum value
in a rather short time compared with the thermal relaxationtime, v;.
In the other extreme of a very low value of activation energies, the
overshooting phenomenon is less significant and is similar to the
behavior of a first-order system, where the response approaches
the steady-stateasymptotically. These observationsindicate that the
thermal lag system has two time scales, one relating to the initial
overshootand the other to the relaxation. The surface time scale that
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Fig. 2 Effect of activation energy on the regression-rate response for
throttling event for a HTPB system with 7; = 0.4 s. Throttling ratio is
1.5:1.

governs the overshooting is related to the changes in the tempera-
ture profile in a small zone next to the wall. The larger time scale is
the well-known thermal relaxation, i.e., ¥/ 7%, which determines the
relaxation process from the exited to the equilibrium state.

The effect of activation energy on these time scales is of funda-
mental importance. The surface time scale depends on the change
in surface temperature, which is related to the activation energy
through the Arrhenius equation, 7 = Ae~£«/ k% Thus, for a given
change in 7, the larger the value of E,, the smaller the change
in surface temperature, and consequently, the shorter the time for
surface-temperatureadjustment. However, the thermal time scale is
unaffected by the activation energy, because it is essentially related
to the heat-diffusion process in the solid. The effect of these time
scales on the transient regression rate can be seen from the energy
balance at the surface:

. oT
w — A LU - z« - 1
0, rpyg <6x )x (1)

The surface temperature gradient (07/ 0x), is negative and adjusts
slowly in accordance with the thermal time scale. Thus, at high
activation energies for which the surface temperature excursion is
short, very little diffusion takes place over the span of the surface
time scale. As a result of this, the overshooting is significant. In
the opposite extreme of low activation energies, the surface time
scale becomes comparableto the thermal time scale and the thermal
diffusion makes the overshootingless apparent.

It is instructive to consider the more practical case of the finite
throttlingresponse of the thermal lag system. Figure 3a shows three
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Fig. 3 Effect of throttling rate on the regression-rate response for
a polymethylmethacrylate (PMMA) system with 7, = 04 s, E, =
30 kcal/mole, and a throttling ratio of 1.5:1: a) global and b) initial
responses.
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numerical simulation results for different throttling rates. The im-
portant observation is that, for moderate throttling rates, the tran-
sient response anticipates the heat input. This anticipationoccursin
the rapid depressurizationin solid propellantrockets, leading to the
well-known dp/ dt extinguishment, when the transient burning rate
crosses zero. Similar behavior will be observed in the sinusoidal
heat loading case, where the anticipated response is manifested in
a phase displacement. However, it can be shown that for all rates
there is a small but finite time range (< 10 ms), right after the start
of the heat loading, where the response lags the input (see Fig. 3b).

Because of its practical significance, the frequency response of
the linearized thermal lag system is investigated to see if the low-
frequency instabilities commonly observed in hybrids®=® can be
explained. We will initially consider the first-order perturbationin-
vestigations and later discuss the numerical simulations performed
on the full nonlinear system. In the calculations, a sinusoidal sur-
face heat flux perturbationwith a specified amplitude and frequency
is applied. Because the transfer function of the thermal lag system
is already known, the response of the regression rate can easily be
calculated with use of the residue theorem.’ The details of the deriva-
tions are presentedin the Appendix. Note that we are only interested
in the forced response of the system because the natural response
decays quiterapidly withrespectto the period of low-medium range
frequency oscillations.

We first consider the behaviorin the two limiting cases of low and
high frequency (see Appendix). As expected, at very low frequen-
cies, the regression follows the variations in the wall heat flux in
a quasisteady manner with no phase difference [Eq. (A16)]. In the
other extreme of very large frequencies, the regressionrate lags the

wall heat flux with a 45-deg phase angle. The drop of the amplitude
of the oscillatory component follows the asymptotic form of 1/ /&
at high o, as indicated in the asymptotic formula [Eq. (A17)].

The response at the intermediate frequencies is quite interest-
ing. As a typical example, we consider a polymethylmethacrylae
(PMMA) system (the physical properties used in the calculations
are shown in Table 1°!°) with a thermal characteristic time of
uy; = 0.5 s. The normalized regression rate amplitudes and phase
differencesbetween the regressionrate and heat flux are plotted over
a range of frequencies in Fig. 4. For convenience, the amplitudes
shown in the figure are normalized with respect to the quasisteady
response [by Eq. (A16b)]. It is apparent that for relatively small fre-
quencies, f < 80 Hz for this system, the regression-rateoscillations
are amplified. The amplitude of the regression rate increases from
its quasisteady value and takes a maximum value (in the range of
1-10 Hz). For this specific case, the maximum amplitude is ~25%
largerthan R". Athigher frequencies,the amplitude of the response
monotonically decreases with the increasing frequency. At a mod-
erate frequency, in the range of 80 Hz for this system, it crosses
the quasisteady amplitude, after which it is attenuated. Eventually,
the amplitude responsereaches its asymptotic behavior at very high
frequencies.

The nature of the phase differenceresponseis also worth noting.
Inasmallrangeof frequenciescloseto zero, the regressionrate leads
the wall heat flux input. Specifically, the phase difference, starting
from zero at zero frequency,increasesto a maximum phase lead that
occurs at a small frequency. Later, the phase difference starts de-
creasingand it crosses the zero axis (at which the regressionrate and
the heat flux are in phase one more time). For the frequencies larger

Table1 Thermophysical properties>1 of the propellants used in the calculations
Fuel type C, cal/g-k Prs g/cm? K, cm?/s L,,cal/g T,*, K E,°, kcal/mole Eg,° Ep
PMMA 0.37 1.1 1.1x 1073 231 620 30-40 12.6-14.7 1.94
HTPB 0.57 0.93 1.0x 1073 433 820 12-60 4.7-23.4 1.45

*These are the wall temperatures at a specified regression rate, which is 0.05 cm/s for PMMA and 0.075 cm/s for HTPB.

“Instead of a single value, we give a range that covers the data in the literature.
€ Ambient temperature is taken 300 K in the calculations.
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Fig. 4 Frequency response for the thermal lag system. PMMA fuel with E, = 30 kcal/mole and 7¢; = 0.5 s. Right-hand side figures show a close-up
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than this crossing frequency, the regression always lags the heat
flux input that is consistent with observationin Fig. 3b. Eventually,
the phase asymptotes to — /4 monotonically at very high frequen-
cies, as mentioned previously. In short, for frequencies smaller than
this crossing frequency, the regressionrate leads the heat flux input,
whereas for higher frequenciesit lags.

The region of amplitude amplification is much wider than the
region of the phase lead in the frequency domain. The amplification
of the regression rate is on the order of 20-30% for the practical
operating regimes of hybrids. We also note that no resonance be-
havior is observed for any set of parameters. For that reason it can
be stated that the thermal lag system is inherently stable, at least
in the linear regime, and that the thermal lags alone cannot gen-
erate the low-frequency oscillations observed in hybrids. However,
it is shown that, should an instability occur for other reasons, the
low-frequency oscillations will be preferentially amplified.

At this point we may inquire whether the classical hybrid can
experiencean L* instability as in the solid rocket.!" It is well known
that a solid rocket may experiencelow-frequencyinstabilities, if the
regressionrate leads the pressureoscillations. Because for solids the
combustion is most often pressure dependent, the surface heat flux
will mainly be a function of the chamber pressure (even during the
transients). Thus, it is the phase lead of the regressionrate as shown
in this paper that generates the L* instabilities. But the essential
ingredient of this type of instability is the explicit dependence of
the wall heat flux on the chamber pressure. However, most hybrids
do not possess this relationship, because the combustion is mainly
diffusion-limited. In short, hybrids do not appear to possess low-
frequency instabilities in the L* theory framework.

The influence of the activation energy on both the amplitude and
phaselag is shownin Fig. 5 for an HTPB system operatingat a nom-
inal condition corresponding to a characteristictime of y; = 0.4 s.
The effect of increasing activation energy is to enlarge the amplifi-
cation and the phase lead regions in the frequency domain. As the
activation energy increases, the magnitude of the relative amplifi-
cation and the value of the maximum phase lead increases. This
observationis related to the overshooting phenomenondiscussedin
the context of throttling. At high activation energies, as described
in the preceding section, the surface time scale is small and over-
shooting is significant. The response can lead and amplify a faster-
changing input through the overshooting phenomenon. Thus, the

phase lead and amplification domains get larger as the activation
energy increases. In the limiting case of infinite activation energy
that corresponds to the constant-wall (surface)-temperature model
of Ref. 5, the phase lead and relative amplification covers the whole
frequency spectrum. Namely, the relative amplification and phase
lead increase to their maximum values at a very small frequency,
and they stay constant for the whole frequency spectrum. For very
small activation energies, the frequency response behaves like the
response of a first-order system, with no amplification, which is
consistent with no regression-rate overshoot.

It is determined that the effect of the latent heat, L, on the fre-
quency response is secondary for the fuels typically used in hybrid
applications. The influence of the thermal lag time is to linearly
stretch the frequency axis of the response curves such that a system
with a smaller thermal lag time will have a broader frequencyrange
of amplification and phase lead.

Some numerical simulations were performed of the sinusoidal
heat input case to explore the possible nonlinear effects on the
response and to confirm the perturbation analysis results. It may
be noted that the results of this perturbation analysis are in good
agreement with the numerical simulations, even for relatively high-
oscillation amplitudes such as 40% of the mean value.* Another
important observation that is made from the numerical simulation
results is the existence of a small shift of the mean regression rate
above the mean quasisteady value. This is consistent with the exper-
imental findings of a dc shift, indicating increased mean regression
rates during the oscillatory modes of combustion.

Transient Boundary-Layer Heat Flux

In the previous part of our studies, we treated the surface heat
flux as a parameter that can directly be controlled. However, in a
hybrid motor, the oxidizer mass flow rate is the primary variable
that controls the wall heat flux through other parameters. The ac-
tual response of the motor to a change in the oxidizer mass flow
is rather complicated during a transient. As the oxidizer mass flow
rate of the motor changes, the mass flux at a characteristic point
in the port reacts to the change, as does the turbulent boundary
layer developed over the fuel surface. In this section we will fo-
cus on the modeling of the boundary-layer combustion dynam-
ics and investigate its interactions with the thermal lags in the
solid.
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In our preliminary model we assume that the boundary-layer
response is quasisteady, namely, the boundary-layer diffusion lag
times are small compared with the thermallag times in the solid. Un-
derthe quasisteadyassumption,one can use the classicalapproach'-?
to calculate the response of the wall heat flux to the changes in
mass flux. However, the results of classical hybrid theory cannot
be used directly during a transient in the solid, because the convec-
tive heat transfer to the wall depends explicitly on the instantaneous
regression rate through the blocking generated by the blowing of
the gaseous fuel from the surface. In the presence of the thermal
lags, the blocking generates a coupling mechanismin the gas phase
between the regression rate and the heat flow to the surface.

The convective heat flux from the gas to the fuel surface Q. is
given in terms of the heat transfer coefficient C at time ¢ as

Q.(t) = Cuppup(hy —hy) = CyppupA h )

where ), and h,, are enthalpies at the flame and at the wall, respec-
tively. Note that all variables are functions of time.

We will now assume that the classical assumption of Reynolds
analogy is still valid during this quasisteady operation mode. This
allows us to express the heat transfer coefficient in terms of the
skin-friction coefficient as

Cu = 1Cs(poti? [ pyus}) 3)

After the elimination of the heat transfer coefficient, we obtain the
following expression for the wall heat flux:

Q.(1) = $C,G(u uy)A h “)

where G is the total mass flux p,u,.
At this point it is useful to define an aerodynamic blowing pa-
rameter (also known as the mass transfer number) as

Ba — (PV)w — rpf (5)
peuecf/Z GCf/2

The skin-friction coefficient can be written as the skin-friction co-
efficient for no blowing multiplied by a correction factor, C,/ Cy,,
for the blocking, which, in general, is a function of the aerodynamic
blowing parameter, B,,.

For the blowing correction during transient, we will assume a
similar formula to that proposed by Marxman':

Cy/Cyo=qB.* (6)

At the steady-state, Eq. (1) becomes Q. = 7psh,, which when
combined with Egs. (2) and (3) gives a steady-state value for the
thermochemical blowing parameter defined in Eq. (5):

B, = (u./up)(A hl hy) M

Combining Egs. (4-7) yields the following expression for convec-
tive heat flux at the wall:

Qc = %CfuqhvGBa_kBt = %CfquBa_k(ue/ ub)A h (8)

Itis importantto observe the distinctionbetween the two forms of
the blowing parameter, because during a transient, one must use the
generalformin Eq. (5), becausethe regressionrateis time dependent
and must wait for the temperature gradientat the surface (07/ 0x);,
to adjust, as shown in Eq. (1).

During a transient, the aerodynamicblowing parameterata given
operating condition of a rocket motor cannot be determined by
equating it to the thermochemical blowing parameter. However, B,
can be expressed in terms of regression rate and mass flux with the
use of Egs. (5) and (6):

ip 17— k)
B, = —L— 9
<qGCf,,/2> ( )

Now, a general form of the heat conductionexpressioncan be found
with the substitutionof B, and the commonly used form of the skin-
friction coefficient for the turbulent boundary layers,'”? C;,/2 =
0.03(Gz/ 1)~°? in Egs. (8) and (9):

U —k
- 0.03¢ B h, —0.2/(1 = k) 0.8/ (1 — k) 2 —k/ (1 = k)
Q. = (u—o.z ) |:pk/(k—1) z G r

!
(10)

Here, z is the axial distance from the entrance of the port.

Note that the terms in the parentheses in Eq. (10) are functions
of the boundary-layer properties and combustion characteristics.
Thus, they can be treated approximately as constants after the pro-
pellants are selected and the expression for the heat flux reduces to
the following form, where A’ is a constant for a given propellant
combination:

QL-(I) = Az OU =0 GOS8 (=R =k (1= k) (11)

Up to this point we have developed a formula that relates the
wall heat flux at a specified location of the port to the regression
rate and mass flux at that location. However, in practice for a spe-
cific propellant combination, the coefficient A’ is best determined
empirically. Very frequently, the available data are based on the
average regression rate in terms of the oxidizer mass flux.? Let’s
consider, for simplicity, a propellant combination with the average
regression-rate expression for a given grain length 7 = aG”. Note
that the following analysis can equally be performed for other forms
of the regression-rate expressions used for hybrids. Similar to the
local formulation, a space-averaged expression can be derived as

QL‘(t) — A/GZ/(I_k)i'_k/(l_k) (12)

where A’ =psh,a’ =" Here, G, replaces G and n replaces 0.8
to conform to typical experimental reporting. Note that the heat flux
from the gas to the wall depends on the port mass flux and also the
regressionrate, by virtue of its blocking effect.

To couple the heat-flux expression with the thermal lag for-
mulation, we nondimensionalize with respect to the reference
state (G et Qret(=FreePphy) and rre[=a(G )" ], which is selected
to be the nominal operating point._In terms of the normalized
quantities, G, = G,/ (G,)wr and Q, = Q./ Oy, the heat flux
equation takes the form of Eq. (13):

0.(f) = E,G" 10D R-H(1=h (13)

Note that E, = h,/ CAT = 1+ E,, and the rest of the nondimen-
sional variables and parameters used in this expression are defined
in the Appendix.

Next, we linearize this equation around the reference point by
expanding, as follows:

0.(h) =1+¢Q,() + O(&) (14a)
R(7) =1+ eR\(D) + O(&?) (14b)
G, () =14 G, (1) + O(H (14¢)

The first-order terms in & can be collected to give the linear version
of the relation to be used in the first-order perturbation analysis:

_ _ k _
0.(f) = EhKl"Tk)Gl(t) - <m>Rl<t>} (15)

Note that in the absence of the blocking effect (k=0 and g = 1),
the heat flux becomes a function of the oxidizer mass flux alone.
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Combustion Boundary-Layer-Thermal Lag Coupling

In the developmentof the transienthybrid combustion theory, we
assumed that the boundary layer responds rapidly to the changes
in the mass flux compared with the other transient time scales in
the rocket motor such as the gasdynamic lags or the thermal lags.
This assumption fails to be valid, particularly for large hybrid mo-
tors. To develop a realistic model for the dynamics of the hybrid
motor, the boundary-layerlags must be considered. There does not
appear to be sufficient information in the literature on the response
of the turbulent boundary layers with chemical reactions and blow-
ing, i.e., hybrid rocket combustion scheme, to the changes in the
free-flow conditions. Because this complex dynamic phenomenon
is extremely difficult to investigate, both theoretically and experi-
mentally, we consider the simpler cases reported in the literature of
a standard incompressible turbulent boundary layer with no blow-
ing or chemical reactions. The transient response of various kinds
of turbulent flowfields are discussed briefly in Ref. 4. Here, we will
restrictour discussionto an importantset of transientexperiments.!?
The tests were performed by abruptly changing the freestream ve-
locity over a turbulent boundary layer from one value to another
(such as throttling) and by measuring the time-average velocity
profile and the fluctuations in the velocity components at various
axial locations. The researchers concluded that the time required
for transition from the initial equilibrium profile to the final equi-
librium profile at any axial location was proportional to the time of
flight of a fluid particle from the leading edge of the boundary layer
to the specific axial location at the speed of the freestream flow.
This very important result can be formulated for hybrid boundary
layers as

Wy = c'(z/u,) (16)

Here, ¢’ is a constant that needs to be determined empirically. We
will call this time required for equilibration, the characteristic re-
sponse time of the boundary layer, y,;. It is important to note that
the physical nature of the boundary-layer transient time is not re-
lated to the propagation of the disturbances with the speed of the
port velocity as suggested by Eq. (16). Instead, the delay depends
on the diffusion time scale across the boundary layer, which is pro-
portional to the ratio of the local boundary-layer thickness to the
diffusionspeed, y,; = & U*. The diffusion speed is defined in terms
of the shear stress and mean gas density as U* = ,/(u,/p). The
boundary-layerdelay time, after the substitutionof the standard (in-
compressible) turbulent boundary-layerexpressions'? for the shear
stress, v, = 0.0288pu,Re ", and the thickness, § = 0.37zRe; 2,
becomes u,; = 2.18Re;%'z/u,. Here the local Reynolds number
is defined as Re, = u,zp/ . Note that the coefficient ¢’ is found
to be a weak function of the local Reynolds number. Thus, we as-
sume that ¢’ is constant. For Reynolds numbers corresponding to
typical hybrid operation, ¢’ is estimated to be ~ 0.5. In a real hy-
brid boundary layer with combustion and blowing, ¢’ can be dif-
ferent from this estimation, and for that reason, it is determined
empirically.

For the purpose of this paper, it is convenientto consider an aver-
age boundary-layerdelay and replace the local distance z, with the
length of the grain, L. Note that the empirical constant ¢’ accounts
for the correction to the inaccurate selection of the length scale, L.
However, we recognize that in reality there is a range of boundary-
layer delay times that should be considered. Thus, the significant
observation here is that an erratic or variable low-frequency insta-
bility can result. The exact determination of the average delay time
is quite difficult,because the hybrid boundary layers merge ata point
that has been estimated to be at an L/ D ~ 5 (Ref. 14). Note that,
after they merge, the diffusion thickness for the oxidizer portion
becomes a large fraction of the radius of the port that changes very
slowly with the axial distance. However, the diffusion thickness in
the fuel side continuesto increase because of the increasingdistance
of the flame from the wall.

In our studies the response of the boundary layer to the changes
in the mass flux is accounted for by simply inserting time de-
lays in the heat-flux expressions derived under the assumption of

quasisteady response. The implementation of this idea in Eq. (15)
yields

_ _ k _
0.(h) = E, [(l"T,)Gl(t — Go) — (ﬁ)’w - aﬂz)} 17)

where 4,11 = ui/ v and G =B/ Uy

Here, u,;; and y,, are the time delays experienced by the wall
heat flux (Q.) to the changes in the oxidizer mass flux and the
regressionrate, respectively. The scaling of the time delays t,1; and
W12 obey the general scaling law given by Eq. (16). However, the
¢’ coefficients for y,;; and u,;, are expected to be different because
each of these delays represents a different adjustment mechanism
for the boundary layer.

Now, with the use of this relation, the thermal lags in the solid can
be coupled to the combustion transients in the boundary layer. This
coupling will yield a transfer function between the oxidizer mass
flux (input) and the regression rate (output).

The derivationof the transfer functionis very similar to the deriva-
tion performed for the pure thermal lag case. The only differenceis
the energy balance boundary condition at the surface that must be
modified. Substitutionof Eq. (17) in the surface boundary condition
of the linearized thermal lag problem [Eq. (A11)] yields the correct
boundary condition for the coupled problem:

oT, - I I
(6—;> —E R(t) — i R{(f — G2) = =0 G(f — §yy) (18)
x=0

Two new constants are introduced for convenience:

o = E,[k/ (1 = k)], o = Ey[n/(1 —k)] (19)

With this new boundaryconditionthe linearized thermal lag prob-
lem can be solved in a similar way to the case with no delays, with
the use of the Laplace transformation technique. The transfer func-
tion between the regression rate [R,; (s)] and the mass flux [/(s)]
can be obtained as

RyL(s)
1(s)

2Egp, cre by

(1 +\/1+4s)(s+EEd) —2Eg, +2EE,,S(EL +oje- q,m-)
(20)

This transfer function, which represents the combustion phe-
nomenon, includes the dynamics of the thermal processes in the
solid and approximates the combustion dynamics in the turbulent
boundary layer of the rocket motor.

Results and Discussion

We are now in a position to investigate the behavior of the regres-
sionrate caused by the changesin the oxidizer mass flux with the use
of Eq. (20). The dynamic characteristics of the hybrid combustion
system can be deduced (at least in theory) from the properties of
this transfer function. This transfer function includes the latent and
activation energy parameters E; and Ep,, the B and G exponents
(k and n), and the delay times of the boundary layer. (In the calcula-
tions, the k = 0.68 value suggestedby Ref. 3 and E, = 15 kcal/mole
for HTPB fuel are used.) In that respect, the dynamic behavior of
the combustion will depend on these parameters, and in this section
we will investigate the impact of those on the system dynamics.

One of the most important properties of the system of practical
interestis the inherentstability of the hybrid combustionscheme. As
discussedearlierin this paper, low-frequencyinstabilitiesare widely
observed in actual motors of various sizes. In general, for dynamic
systems with analytic transfer functions, the stability feature of the
system can be directly examined by the open loop transfer function
with use of the Nyquist stability criterion.!® For systems with time
delays, a very clever technique was developed that is a variation of
the standard Nyquist criterion.'® However, our system transfer func-
tion is significantly more complicated, because it is not an analytic
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function in the complex s domain.” This is a characteristic of the
diffusive systems that yield a square root term, which automatically
introduces a branch point in their Laplace transforms. Because the
transfer function is not an analytic function of the Laplace trans-
form variable s, the Cauchy integral theorem does not hold and the
standard Nyquist stability criterion or the Satche criterion derived
from it cannotbe applied directly. However, it is shown® that we can
still state that the system will be unstable if at least one of poles of
the transfer function has a positive real component for the system
to be unstable. The poles can be determined by finding the roots
of the characteristicequation (the denominator of the transfer func-
tion). The imaginary portion of the root is the oscillation frequency
of the system, whereas the real part is the amplification rate of the
corresponding frequency.’ In other words, the unstable oscillation
frequency of the system will be the imaginary part of a pole with a
positive real component.

We first observe that the delay between the heat flux and the
oxidizer mass flux, u,;;, does not affect the stability characteris-
tics of the boundary-layer-thermal lag (BL-TL) coupled system,
because its appearance is limited to the numerator of the transfer
function given by Eq. (20). We will start with the trivial case with
no boundary-layer delay between the wall heat flux and oxidizer
mass flux. A careful analysis shows that, similar to the pure thermal
lags case, the system with no boundary-layerdelays does not have
any poles. This can be seen from Fig. 6a, which is a plot of the
transfer function for u,;, = 0 over the complex plane. It is clearly a
smooth functionin the domain of interest. A systematic search fora
poleis performed for various combinationsof the parameters and no
poles are found. We conclude that a system without boundary-layer
delays is always stable in this mode.

On the contrary, a system with delay between the regression rate
and the heat flux (4, # 0) showed interesting behavior. As can
be seen from Fig. 6b, which is also a plot of the transfer function
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Fig. 6 a) Plot of the transfer function of the BL-TL coupled system
with no delays (15,11 = 712 = 0). b) The unstable poles of the BL-TL

coupled system in the s plane for 7,11 = 0, 712 = 66.7 ms, and 74 =
118.6 ms. These plots are for a HTPB system with E, = 15 kcal/mole.

over the s domain, the system has several poles in the positive real
part of the s plane. These roots indicate that the system will possess
an unstable time-domain response. These calculations were made
with a time delay (w,12) of 66.7 ms that corresponds to a motor
with an average gas velocity of 45 m/s, a length of 6 m, and a ¢’
of 0.5. Note that there is a series of unstable frequencies, all with
the same amplification rate, and the smallest of those frequencies
corresponds to the range of low-frequency instabilities observed in
practice for that motor size. We suggest that the higher-frequency
instabilities, although appearing at the same amplification rate as
the lowest frequency because of the linear theory, will possibly be
stabilized by the nonlinear effects and the energy dissipation pro-
cesses.Itis also determined that the thermal lag time does not affect
the value of the fundamental oscillation frequency of the system.
To explore the compatibility of the results of this linear model
with the observations, we will perform two parametric studies and
compare those with the test results from the actual motor runs. The
first one of those is for the various-sized American Rocket Company
(AMROC) motors,"” which operated at various L* levels. Because
the information on the AMROC motors that can be found in the
literature is limited to L*, ¢*, and a motor’s O/ F ratio, it is desirable
to express the boundary-layerdelay time [Eq. (16)] in terms of those
variables. The average velocity in the port can be approximated as

_ G,[(1+20/F)/(1+ 0/ F)IR,T,
- 2P,

av

where R,T,, is an average value in the port. Substituting this ex-
pression in the delay formula and using the relations for the total
mass flow rate i, = G, A, and port volume V,, = LA, yields

, 2V, P,
C
i [(1+20/ F)/ (1 + O F)IR,T,,

B =

With the use of the total mass flow relation, m, = PA,/ c*,_, and the

exp?

definition L* =V,,/ A,, the delay equation can be written as

qﬂ =2c’ﬁ[(1+0/F)/(1+20/F)]L*c* o
Vi R,T, xp

Here, V,/ V,, is the ratio of the port volume to the motor free
volume, which is estimated to be ~0.8 for the AMROC DM-01
motor.!” We assume that all AMROC motors possess the same av-
erage gas constant temperature product, R, T,,, and volume ratio,
V,/ V,,. Various properties of the AMROC motors™'” are listed in
Table 2. After noting that all motors operate at very similar O/ F
ratios and ¢ values, it can be noted that in the series of tests the
boundary-layercharacteristic delay time is proportionalto L*.

We estimated the fundamental oscillation frequencies predicted
by the linear theory for various boundary-layer delays. The result
is shown in Fig. 7, which is a plot of the calculated unstable os-
cillation frequency vs the boundary-layer delay of the motor. The
AMROC motor data are also included in this figure. A ¢’ value of
0.79 is selected to provide a best fit between the linear theory pre-
dictions and the observed frequencies of the AMROC motor tests.
As indicated in the figure for this selected delay coefficient, the lin-
ear theory estimates the AMROC motor instability frequencies with
good accuracy.

The plotclearly shows the inverserelation between the boundary-
layer delay time and the fundamental oscillation frequency. More-
over, when Fig. 7 is plotted in the log-log scale, the oscillation

Table2 Summary of parameters used in the frequency estimations
for AMROC motors

AMROC motor Clheo? c’gxp,

(thrust) Ol F m/s m/s L*, m f,Hz
S motor (10 k) 1.45 1702 1634 14.5 11
Half-scale (33 k) 1.45 1702 1634 33.2-36.3 4.8
H-500 (75 k) 1.45 1702 1634 45.0-59.4 4.0
DM-01 (250k) 1.55 1737 1668 55.0 2-3.5
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Fig. 7 Effect of motor size on the oscillation frequency. Comparison
of the BL-TL coupled theory with the AMROC motors instability data.

frequency shows a linear variation with the boundary-layer delay
time. This suggests that the frequency is inversely proportional to
the delay time or

f = const/ u, (22)

where the constant has a value of 0.50 for this specific case. For
AMROC motorsthatoperateat approximatelythe same O/ F levels,
the frequency becomes inversely proportional to L*. This relation
has been previously observed.!®

A different test of the model can be performed by comparing
the predictions with actual experimental results for motors with
the same port length, but running at different operating points; i.e.,
chamber pressure, oxidizer mass flux, port diameter. To treat this
case, the port velocity can be replaced by an average value (G, +
G,)/2p,, with p,, given by the gas law P, = p, R, T,, to yield for
the boundary-layerlag:

. 2LP,

_— 23
‘G, T GIR.T, @3)

B =

Eq. (23) reveals that delay increases with increasing chamber pres-
sure and port length, and that delay decreases with increasing mass
flux in the port. Combining Eqs. (22) and (23) indicates that an in-
creasein the chamber pressureor a decreasein the port mass flux act
to decrease the oscillationfrequency of this type of BL-TL coupled
system.

The predictionsare tested in Ref. 4, which mainly used the 11-in.
gaseous oxygen hybrid motor tests, which were performed with
HTPB/Escorez fuel grains.”® It was found that the estimated oscil-
lation frequencies were in reasonable agreement with the observed
ones. The delay constantin the calculationsis determinedto be 0.63
by fitting the experimental data to the theory predictions. It is sig-
nificant that the boundary-layer delay coefficients obtained for the
AMROC motors and also for the 11-in. motors are reasonably close
to each other, and also to the theoretically predicted value of 0.5 for
an incompressible turbulent boundary layer with no blowing.

The impact of the parameters other than the boundary-layerdelay
time (such as the fuel properties including the activation energy or
the mass flux and blowing exponents) on the oscillation frequency
is determined to be small. It is also observed that decreasing activa-
tion energy (E,) and decreasingblowing exponent (k) decreases the
amplification rate (real component of the poles) of the oscillatory
modes. The effect of the other parameters such as the mass flux ex-
ponentand the latent heat of gasification on the amplification rate is
negligible. In the extreme case of a no blocking effect (k = 0), this
model shows that the system does not possess an oscillatory com-
ponent in its natural response (either stable or unstable). Thus, for
highly radiating combustion gases, where the effective k values are

diminished, we might expect that the tendency for instability from
this mechanism would be decreased. Within the reasonable range
of variationsin the activation energy and the blowing exponent, the
changes in the amplification rate are small. This may serve as an
explanation on why the low-frequency oscillations are encountered
for a wide range of motors.

Conclusions

The thermal lag system dynamics that determines the regression-
rateresponse during a transientheat loading is represented with two
time scales.One is a shortlag nearthe surfacerelatedto the activation
energy, and the otheris the longer well-known thermal lag as a result
of conductivity. These delays cause an overshoot of the regression
rate during throttling, the degree of which depends on the percent
throttle, throttling rate, and activationenergy. The activationenergy
determines the surface temperature excursion during the throttle,
and therefore, the surface time lag. When applied to an oscillating
heat flux, an amplification of the regression rate is observed for
low frequencies, which can aggravate an existing instability, but not
cause it.

One mechanism explored, which can create an instability, is the
coupling of the regression rate with the wall heat flux through the
boundary-layerprocessesand the thermal diffusionin the solid. The
linear theory developed shows the frequencies and exponential am-
plification rates based on the boundary-layer adjustment lag and
other relevant parameters of the problem. The most significant re-
sult of the treatment is prediction of the low-frequency oscillations,
which is in good agreement with experimental observations and its
explanation of the erratic nature of the instability. The amplitude of
the pressure oscillations in a hybrid motor chamber during the in-
stability is bounded, and it has the character of a limit cycle process.
The linear theory, of course, can only yield an unlimited increase of
the oscillation amplitude through exponential growth in time. The
energy dissipation and nonlinear processes in a motor must be con-
sidered to determine the limiting amplitudes in the instabilities. A
more complete hybrid stability theory requires a good understand-
ing of those nonlineareffects and shouldinclude the interaction with
the gasdynamicsin the chamber involving pre- and postcombustion
chambers.

Appendix: Thermal Lag Formulation
The model for the thermal lags in the solid is shownin Fig. 1. The
heat diffusion equation expressed in the coordinate system moving
with the regressing surface is

oT T 4 .(t)aT (A1)
o () —
ot ox? ox

The two required boundary conditions are

oT
X — 00, T=T, — =0 (A2)
ox
. oT
x=0, 0,(1) =pr(L, — /1<6—> (A3)
x o

Note that these boundary conditions, with the appropriate form
of the wall heat transfer, are common for every transient event.
However, the initial condition that is the temperature distribution at
the start of the event is case dependent.

A constitutiverelation modeling the surface processesis required
to close the set of equationsrepresenting the mathematical formula-
tion of thermal lag theory. The gasification and pyrolysis reactions
at the surface are both generated by an exponential of the Arrhenius
type. For chemical reactions, the exponential constantis an activa-
tion energy, whereas in vaporizationit is the latent heat. To describe
this behavior, we assign an average effective activation energy, re-
sulting in

i = Aexp(E,/ R,T,) (A4)
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In the thermal lag model, we represent various transient events
with the suitable selection of the initial conditionsand the wall heat
transfer variations. Our goal is to obtain the response of the regres-
sionrate during those simulated events. This requires the solution of
the coupledEgs. (A1-A4), resultinginanonlinearmoving boundary
problem, and an exact closed-form solution is not available.

The variables can be normalized with respect to a reference state
that can be defined by the referenceset [(G,)rers ( Oy )rets Frets (T )refs
Uef,> Orer]. Note that the reference time and distance are related to the
reference regressionrate as Qe = K/ r'rzEf and 8 = K/ Fyer. Note that
if the reference point is selected to be the nominal operating condi-
tion, the reference time scale becomes identical to the characteristic
time for thermal lags in solid, y; = Y. and 7 = #/ Y.

It is convenientto normalize the system equations with respect to
the reference state. This operation yields the nondimensional form
of the equations:

oT T N R(t_)aT A3)
ot ox? ox
Boundary conditions:
i} . oT
X —o00: T =0, — =0 (A6)
ox

_ oT a’ -
X = 0<§>‘ =E A exp(— 7 +b’> — Q0(1) (A7)

wherea' = E,/RAT andd' =T,/AT.
Regression rate expression:

R = Aexp{—[a’/(f\. + b)H1} (A8)

The following nondimensional variables and parameters of the
problem have been introduced:

R:i/irefs E:t/Q'efs XZX/&'ef
T=(T—-T)AT,
Q = le:/ irefprA Ts

E,=h,CAT,

AT = (Tx)ref - Ta
EL = LU/ CAT
A = explE,/ Ry(T,)s]

Next, we will perform a regular perturbationinvestigationon the
nondimensional system. We first apply a small perturbation heat
flux around the reference point, which is selected as the nominal
operating condition of the motor [Eq. (14a)]. We assume a regular
perturbationon the regressionrate [Eq. (14b)] and the temperature:

T(x,1) = Te(X) + & 1 (X, 1) + O(&)
Because the reference point is the nominal operating condition, the

reference temperature distribution is identical to the steady-state
distribution:

Toes(X) = exp(—1) (A9)

Upon substituting the perturbation expressions and the reference
state informationin the normalized systemequations,and collecting
the order of ¢ terms together, we obtain the following linear initial-
boundary problem for the first-order perturbation quantities:

oh _ 27, + oy EpT| (—%) (A10)
—_— = —_—— __exp(—x
o oxz | oxEelli=o®P

Boundary conditions:

aT, . _ _

—| —EE,T|_ =-00, Tli.e=0 (AlD
ox |._, r=

Initial condition:

T, =0 (A12)

Regression rate equation:
R = Ep,— (A13)
X

Here, Eg, is another energy parameter that is proportional to the
activation energy:
EAT
R(T.)}

ref

(A14)

Eq

The linear initial boundary-value problem defined for the first-
order perturbationquantitiesis solved with use of the Laplace trans-
formation technique. The transfer function between the regression
rate perturbation and the applied heat flux perturbation, which is a
result of practical importance, is given as

Ri(s) 2E,,s
0u(s) (14 &5 +1)(s+Es,) —2Eg, +2E,Ep,s

(A15)

R, (s) and Q,(s) are the Laplace transforms of the regression rate
perturbation and the wall heat flux perturbation, respectively. We
now apply a sinusoidal heat input, Q;(f) = sin(®f), which has
the Laplace transformation Q,(s) = @/ (s> + @). Note that @
is the nondimensional frequency. The corresponding dimensional
angular frequency is @ = o/ y;, where y; is the thermal lag time
corresponding to the nominal operating point.

Coupling Q; (s) with the transfer function yields the response
functionof the regressionrate, R, (s), in the s domain. Inverse trans-
formation back to the time domain can be achieved with the use of
the residue theorem. In the analysis, we are only interested in the
forcedresponse, because the influence of the natural response is ex-
pected to be confined in a relatively small time period for practically
significant applications. This factis confirmed by the numerical sim-
ulations.

We consider the two limiting behaviors for which the explicit
expressions can be relatively easily obtained. The first limit is the
low-frequency case (@ — 0), in which the response simplifies to

R, (7) = R sin(ar) (Al6a)
where the amplitude can be written as
E
@ Lo (A16b)

v E Ep, + Eg, +1

This formula shows that the regressionrate follows the heat input
in a quasisteady manner as expected. The other limit behavioris the
high-frequency one where the response becomes

R\(D) = (Eg, [V®) sin[of — (/4)] (A17)

As indicated by this formula, at very high frequencies, the am-
plitude decreases as 1/ 4/® and the phase difference approachesits
asymptotic value — 7/ 4.
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